In this work we use constructs from the dual space of the semi-direct product of the Virasoro algebra and the affine Lie algebra of a circle to write a theory of gravitation which survives in any dimension, yet takes its origins in the symmetries of string theory. The dual space of the algebra provides a natural residual symmetries left by gauge fixing and Gauss law constraints for a field theory in 2 dimensions. Due to non-trivial gauge transformation laws on the fields, we are able to write an interaction for gauge fields and gravity and as well as a gauge invariant mass term for gauge fields. By relying on results from geometric actions, we are able to show how this theory interacts with fermionic matter. We also show how to couple this tensor to a point particle to get an approximate Newtonian gravitational potential. As a side benefit we are able to write the covariant diffeomorphism analogue of the Chern-Simons (or more precisely B ∧ F ) theory in three dimensions. 
I. INTRODUCTION
Throughout the literature, the focus on coadjoint orbits [1] [2] [3] for two dimensional theories has been in the construction of geometric actions that enjoy the symmetries of an underlying Lie algebra. In fact, the celebrated WZW [4] model and Polyakov [5] gravity have been shown to be precisely the geometric actions associated with the affine Lie algebra of some special unitary group [6, 7] and circle diffeomorphisms [8] respectively [9] [10] [11] . Recently we have turned our attention away from theories that live on the orbits and toward theories that are transverse to these orbits [12, 13] . We promote the fixed coadjoint vectors to dynamical fields and reinterpret the generator of isotropy on the orbits as Gauss' law constraints that arise from a 2D field theory where the coadjoint vectors have been promoted to dynamical variables. The coadjoint vectors describe a vector potential associated with a gauge theory and another field (the gravitational tensor potential) which we interpret as a possible hitherto missing contribution to gravitation.
We assume that just as Yang-Mills has meaning in higher dimensions, so must its gravitational analogue. The new field is a rank two symmetric tensor, T µν that has units of mass squared. After gauge fixing in two dimensions one finds residual coordinate transformations that explain the appearance of an inhomogeneous contribution. In 2D the field equations for one of the components of the gravitational tensor potential collapses into a constraint equation.
Because of this we are able to recover the 2 dimensional Gauss law constraints and exhibit all the relevant gauge fixing conditions consistent with the 2 dimensional theory. Furthermore we are able to extract the symplectic part of the gravitational Lagrangian that is consistent with the coupling to Yang-Mills. This shows that the propagator is quadratic instead of quartic as believed earlier [12] . The final action can live in any dimension yet is consistent with the constraints that arise only in the 2 dimensional theory. This theory of gravitation might augment General Relativity with the inclusion of a gravitational tensor potential that can be used to study fluctuations in the gravitational field about a fixed metric while maintaining general covariance. Recovery of this putative new contribution which reconciles the different characteristics of two-dimensional gravity and higher dimensions is the major thrust of this letter.
To begin [12, 13] one treats the adjoint representation of the Virasoro algebra and the affine Lie algebra (the adjoint vector F ) as residual coordinate and gauge transformations respectively on a gauge potential A and a gravitational potential T (the coadjoint vector B) through [14] ,
where the transported fields are defined by,
and
One recovers the isotropy of the coadjoint orbits defined by T, A and the central extension µ by setting the quantities in (2) and (3) to zero. These equations will be used to define the time independent gauge and coordinate transformations on the fields, as well as to extract the Gauss law identifying the residual symmetries after gauge fixing in 2D. We claim that the isotropy algebra is just the 2D version of field equations in any dimension that collapses to a Gauss law constraints from a field theory in two dimensions. With this simple assertion we shall be able to write a theory for any dimension, and possibly augment Einstein's theory of General Relativity.
II. CONSTRUCTION OF THE AT ACTION
It is our intention to recover a theory, analogous to Yang-Mills, that corresponds to a gravitational action and which has a natural reduction to the T field in 2D. Unlike General Relativity, the 2D reduction of this theory is non-trivial.
Throughout will the call the action the AT Action. Yang-Mills theory will serve as an archetype in the construction of the gravitational contributions. To recapitulate our earlier assertion, we claim that the isotropy equations of the coadjoint orbits are just the residual gauge and coordinate transformations after fixing a temporal gauge in 2D. These residual transformation are encoded in a Gauss law that arises from the field equations of one of the components of the gravitational tensor potential in 2D. We shall briefly demonstrate the construction below for Yang-Mills.
Consider Yang-Mills in an n-dimensional Minkowski space with the temporal gauge, A 0 = 0. The vector potential A a i (x, t) and the electric field E a i (x, t) are conjugate variables, with the following commutation relations:
From the field equations for A 0 we obtain the Gauss law constraint
which is the generator of time independent gauge transformations through the Poisson brackets, i.e.,
where Λ (x) is the gauge parameter and,
This Gauss law transforms equivariantly under time independent gauge transformations. For example in 2 dimensions, one can demand complete gauge invariance and educe the full Lagrangian (up to a factor),
which is well known to be
This has meaning in any dimension and one can recover the generally covariant action in four dimensions, viz.
where as usual
To begin the construction of our action, we need to write a Gauss generator that yields the time independent transformation laws that come from the isotropy equations of the orbits. Recall equations (1), (2) and (3).
Throughout we shall assume that the constant kµ = −1. In two dimensions there are restrictions [13] on the value of kµ, but minus one causes no obstructions to bosonization. From here we can extract the transformation laws and
Gauss law constraints in 2D that lead directly to higher dimensional theories which include interactions.
Consider just the coordinate transformations on T . We claim that T is the one remaining component of a rank two symmetric tensor after gauge fixing in two dimensions. This would be consistent with the fact that in D dimensions there are D, ξ α fields that serve as "gauge parameters" for coordinate transformations. Therefore we can remove D degrees of freedom.
This would be tantamount to setting T µ0 = 0 leaving only the purely spatial components T ij as dynamical variables.
Furthermore for the two dimensional case, gauge fixing in the temporal gauge leaves an anomalous inhomogeneous transformation on T θθ that must be exhibited in a Gauss law constraint after gauge fixing in two dimensions.
Since the 2D theory will be our bridge to higher dimensions let us focus on its structure. From Equation (11) we
where q = cµ/24π. Note that in 2D q can be determined by gauge fields in the presence of gravity since it is related to the dimension of the gauge group and the dual Coxeter number. Let us emphasize that the spirit of this approach is different form some of our earlier work [12] where it was believed that T was a component of a rank (3, 1) pseudo tensor T µνλ α in any dimension. In this work we stress that T µν is a rank two tensor. The inhomogeneous transformation of T µν is a consequence of gauge fixing in two dimensions. Only in 2D do the field equation of the "space-time" component of the field become constraints since otherwise these field equations are dynamical. The fact that T takes on this inhomogeneous contribution in 2D is due to the fact that the Schwartzian connection exists in one spatial dimension. After gauge fixing the inhomogeneous transformation manifests itself as a result of symmetries left from gauge fixing. Our claim is that the above equation carries these residual gauge transformations after gauge fixing a 2D field theory. We need a Gauss law that will deliver the time independent coordinate transformations for the "space-space" components of T µν . Let X ij be the conjugate variable to T ij . This is a symmetric object whose transformation law will be determined by the Gauss law. Let
This is the generator of time independent coordinate transformations in 1 + 1 dimensions. We have purposely left in the tensor structure so that we may later promote this to higher dimensions. From the Poisson brackets, one can recover the transformations laws of X ab and T ab . We have
where the ξ a are the time independent spatial translations. As a result,
The gauge fixing conditions, T µ0 = 0, are preserved under the time independent coordinate transformations.
The transformation law for X lm defines it as a rank two tensor density of weight one. Thus X lm can carry a factor of √ g in its definition in higher dimensions. In two dimensions, the transformation law for the "space-space" component of X lm reduces to the transformation law of elements in the adjoint representation of the Virasoro algebra,
The fact X ab is a tensor density follows since Q must be a scalar. In what is to follow, we shall remove the √ g factor from the definition of X and simply multiply our Lagrangian density by the √ g factor.
We can now replace the fields ξ a with T a0 and write down the constraint part of the 1 + 1 Lagrangian as:
Let us check to see whether L 0 is equivariant under time independent spatial transformations in 1 + 1 dimensions.
We find that
Since there is only one spatial component in 1 + 1 dimensions, this is zero modulo total derivative terms.
As can be seen from the above gauge fixed expression, the conjugate momentum X ab comes from a tensor density of the type X µν ρ , were ρ has been evaluated in the time direction, i.e X ab = X ab 0 in analogy with E i and F µν . This tensor is symmetric in its µν indices (recall that we have dropped the density weight of X ab by adding a factor of √ g to the Lagrangian density). We expect the T τ τ component to have zero conjugate momentum. Furthermore, the appearance of spatial derivatives on T a0 in L 0 suggests that X µν ρ comes from a covariant tensor with the structure
This field enjoys acyclicity, viz.
In order to construct a covariant field in any dimension, we introduce the covariant derivatives. The fully tensorial covariant field X αβγ is now
where we have introduced the tensor
The tensor X αβγ is symmetric in its first two indices and acyclic in all of its indices, while K αβγ is also acyclic in all of its indices but anti-symmetric in its first two indices. This splitting of X αβγ into the K tensors will become important when we couple gravitation to fermions.
For the moment let us set q = 0, eliminating the 2D inhomogeneous contribution to the transformation law. Then in any dimension and irrespective of the underlying geometry the following construct is a scalar:
We may employ this together with another scalar,
to write a Lagrangian in any dimension. The action is then
where µ is a gravitational coupling constant with inverse mass dimensions. This is a natural covariant extension of our 2D Gauss law and is such that when we vary this with respect to T θτ in 2D we recover the constraint. This however is not the full action since it does not contain the Hamiltonian and symplectic structure. As we shall see, lower order derivative terms are needed in the Gauss law constraints that arise from the A field coupled to the T field.
These lower order terms lead to the Hamiltonian and symplectic structures.
One of the new and distinguishing feature of T αβ is that it has non-trivial gauge transformations as seen in (1), which tells us the T transforms as −Tr(Λ ′ A) when a background A is present. Furthermore, (3), suggests that there is an interaction Lagrangian in the action that has the structure of
The first term in this interaction cannot come from terms built from X, T + Tr(AA), and their derivatives. We can exploit the acyclicity of X αβρ to write a non-trivial interaction. Consider the Lagrangian,
S I is known only up to a scale factor relative to S 0 , since the field equations for T θ0 have no contribution from S I in the temporal gauge.
From the Gauss law constraints we know that X αβγ must be gauge invariant. The fully covariant field that defines the conjugate momentum to T αβ in the presence of gauge potentials is then
where for simplicity of notation we have definedT αβ ≡ T αβ + 1 2 Tr(A α A β ). This is the fully covariant expression for X αβγ . The factor in round parentheses in (24) becomes cyclically symmetric (invariant under even permutations of its three indices) after a gauge transformation. Since it is contracted against X βγα , which is acyclic (i.e. has vanishing average over even index permutations), S I is rendered gauge invariant. It is obvious that S I contains that part of the Lagrangian which determines the symplectic structure of the action. The last summand of S I which contains X ρ = X αβρ g αβ , has been added to guarantee that there is no contribution to the field equations of T θ0 from S I . This can seen since the field equations for S I about a flat metric are
The fully covariant and gauge invariant action in n dimensions is
This action describes a self-interacting rank two field, T αβ , that has a quadratic propagator.
Since the metric g αβ is omnipresent in dimensions greater than 1 + 1, we interpret the field T αβ as further gravitational contributions about a background metric. This may provide a natural bifurcation between local gravitational effects and cosmological effects. Without introducing any arbitrary splittings or asymptotics of the metric tensor, one can study fluctuations in gravity (due to diffeomorphisms) by study S AT . A full theory in which the metric is also dynamical would include the Einstein-Hilbert action and Yang-Mills actions,
III. EPILOGUE
A. Massive Gauge Fields
In the absences of anomalies it seems that one can make a field redefinition T µν →T µν and get rid of the coupling to Yang-Mills. However for chiral gauge fields there may be an obstruction in the Jacobian for such a redefinition. In fact, one can suggest that for chiral gauge fields a massive gauge theory can be written as
This is presently under investigation.
B. Fermion Couplings
It is natural to ask how T αβ might couple to matter other than gauge fields. In the fermionic case, the answer can be extracted directly from the leading terms in the 2D geometric action found in [9, 13, 14] . Recall that there the 1 + 1 dimensional theory admits the action
The bosonized fermions form the dimensionless rank two field, ∂ α s/∂ β s and the fermion-gravity interaction dictates an interaction term,
where K αβ µ is defined in (18) and ω µ is the spin connection. Thus K αβ µ acts as a contribution to the spin connection.
C. Diffeomorphism Analogue of Chern-Simons
In addition to the interaction of fermions, we may now write an analogue of the Chern-Simons action for diffeomorphisms in three dimensions. The gauge fixed remnants of the "B ∧ F " [15] version of this term are precisely the summand to the right of the fermion-gravity interaction in (26).
The Chern-Simons term is
where the "B ∧ F " term corresponds to replacing µ 2 T µρ in the above with the fermion induced g µρ .
D. Coupling to Point Particles
The coupling to a point particle is equally straight forward. The minimal coupling of a point particle to a rank two tensor, say H µν , is
If we include the metric coupling, the equations of motion are
Since (24) has a traceless condition in 2 dimensions we choose a coupling to the point particle as
which is to be evaluated on a flat space. (In two dimensions only one component is non-zero, and in the temporal gauge it satisfies ∂ two dimensions will come from the quartic terms which give the constraints. We shall ignore the quartic contributions for this analysis. Then in the non-relativistic approximation the H 00 term is just H 00 = 2T 00 − η 00 T,
where T is the trace of T µν . Choosing the gauge where ∂ α T αβ = 0, up to order µ 2 the field equations become (24), and
From here we deduce that time independent fields satisfȳ
Then∇ 2 H 00 = 2∇ 2 T 00 − η 00∇ 2 T = 2P
This together with (29) implies that µ 2 = 8π/3G in four dimensions.
E. Relationship to Four-Manifolds
One may ask if it is possible to extract information about differential structures from this work. One possibility is to construct an action like
to see whether an analysis of reducible connections is parallel the work of Donaldson [16, 17] .
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